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8.10 (T Let f(x) = x* 4 2x + 7. For each prime g, solve the equation f(x]
0 mod p, and pick representatives for the roots 0 < vy, v =< p o 1, allow
n.c.n the possibility that vi and v, may be equal, Normalize the roots by cos
ering v /p.va/p € [0, 1]. How are these numbers distributed in the inte
[0, 1] as p gets large? Experiment with other polynomials, including quads
polynomials with or without rational roots, and polynomials of higher deg

8.11 (X9 Investigate the number of solutions of the equation x* = a mod
several values of a and .

[0, p = 1) For example, 1= Y Ma(p =1 ph 16 ag # 0, then x =
S pM s invertble in Ly 10 we denote the set of all invertible elements in
by %7, then every non-zero x € %, can be written as x = & - p™ with & € Z7,
) _»x considering quotients of such expressions, we see that every non-zero
ment of @, can be writtenas & « p" fore € Zy, m € 2.
| sercise 8.4 can be interpreted in terms of p-adic integers in the following form,
s known as Hensel's Lemma: Let f € Z[X], and suppose x; € Z is such that
(411 = 0O mod p,but f'(x;) # 0 mod p. Then there is x € Zp such that f(x) =0
. Let's examine the equation x? 4 1 = 0. Clearly, this equation has no solutions
1l pis an odd prime such that p = 1 mod 4, then Equation (6.3) implies that
cquation x” + 1 == 0 mod p has a solution x;. Also if we let f(x) = x*+1,
J 41 2v, and this implies f'(x;) # 0 mod p. Hensel’s Lemma now implies that
¢ 1 0 has a solution in Z,, and consequently in ;. If on the other hand,
~ tmod 4, then since 2 + 1 = Omod p has no solutions, the equation x* + 1 = 0
Il have no solutions in Q. It can also be shown that x2 4+ 1 = 0 has no solutions
O
e field of p-adic numbers can also be constructed using topology. This method
nbles the way ® is constructed from @ via Cauchy sequences. Recall that a
Wby sequence of real numbers is a sequence (x,), such that for every £ = 0, there
1 N suchthat |x, — xp| < & foralln, m > N. Wesay Cauchy sequences (xy)u, (Ynn
cquivalent, and write (x,), ~ (¥u)s, if for all € = 0, there is N = 0 such that
. vl <eforalln,m = N.Thenthe field % can be thought of as the equivalence
lusses of Cauchy sequences of rational numbers modulo this equivalence relation
~ Note that in this construction we did not have to specify what | - | is because
‘c.:__:__,_v_ everyone is familiar with the ordinary absolute value. Let us define a
Jew absolute value on @ which depends on the choice of a prime number p. For a
Wi zero rational number ¥, we can write

N
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Notes
p-adic numbers

In the proofs of Lemma 8.4, Lemma 8.5, and in Example 8.6 we encountet
sequences (X,),= with the property that .

e X, is a congruence class modulo p”, represented by an integer, denoted by
same letter x,, 0 < x, < p";

e Y,y =X, mod p", foreachn = 1.

We define a p-adic integer to be a sequence of integers (x,), satisfying these p
erties. We denote the set of p-adic integers by Z,. Note that for each r € 4
ordinary set of integers, we obtain a constant sequence ¥ := (r mod p"),»,
showing that Z is naturally a subset of Z,. (Here » mod p is the remainder of
division of by p, note that for p > r, r mod p = r.) The set Zpisa commula
ring equipped with the following operations:

a
m.aav.._w_ + Ondnz1 = (X, + Yedn=1s v = E.. . m.

dnz1 - (ndnz1 1= (X Yudnzt- with r € Z, a. b € Z, with ged(p, ab) = 1. Then we define |y|, = p~". We also
deline 0], = 0. Then for all rational numbers x, |x|p = 0,and |x], = 0if and only
i+ 0, Also, we have a triangle inequality, |x + ¥, < |x], + ¥, In fact, we have
e much stronger ultrametric inequality |x + y|, < max(|x|, [y]p).) This means
that if we define d,(x, y) = |x — y|p, we obtaina metric on (, and it makes sense to
fulk about Cauchy sequences. We define a p-Cauchy sequence of rational numbers
I e a sequence (x,), such that for & > 0, there is N such that |x, — Xmlp < & for
ull n,m > N. We say the p-Cauchy sequences (x,)y, (¥n)x are p-equivalent, and
wiite (x)y ~p (Yadn, if for all & > 0, there is N > 0 such that |x, — ¥n|, < € for
ll 1, m = N. The field Q, is nothing but the p-equivalence classes of p-Cauchy
sequences of rational numbers,

I'he beauty of the topological construction of p-adic fields is that it allows us to
construct peadic type field from other number fields. Let K be a number field as in

The zero o._.oamuln and the multiplicative identity of Z, arc given by the cons
sequences (} and 1, respectively. When there is no confusion we drop the line on I
of an ordinary integer when thinking of it as a p-adic integer, e.g., we write 0 ins
of 0. _

Itis not hard to see that Z,, has no zero divisors, i.c., if xy = 0, then either y = {
or y = 0. We denote by (G, the field of fractions of Z,, and call it the field of p-adb
numbers. It is clear that Q, contains Q. ‘

Let x = (x,) € Zjp. Since p" | Xp41 — Xy, W CAN WEILE X,y ) = Xy + Gy "
some 0 < a, < p, and, if with analogy, we let x; = ay, we get v, = ag, X3 = g
a-px3=dagtai-pta- prxs=dap+ay - prayp’+ay ptiete. Weo
write the p-adic integer x as a formal sum 3 " cap  p*, with cach ay in




