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Abstract.For the Fourier transform of a non-integrablefunction , we exploit theresolvent forthe harmonic oscillator 
Hamiltonian, where the integral kernel for  can be represented using the confluent hypergeometric function. Due to the 
commutativity of  and ,  can be regarded by . In the case of , for example, it follows that  
is continuous on  and that , so that turns outto be integrable over . The finding 
that is exponentially localized indicatesthat the map  can be used as data compression of . Moreover, 
the inverse map  is well defined, which implies that the data decompression into  can be made in a 
numerical calculation friendly way. 

INTRODUCTION 

The Fourier transform is one of the essential tools in signal processing, image processing, and functional 
analysis. If a function is integrable, the Fourier transform  is well defined. If not, it is necessary to introduce a 
generalized function. Consider the case of , for example. In the theory of distribution, the Fourier transform 
of  the is generalized as , where  represents the Dirac delta.To obtain such a formula, a 

straightforward method is to regard as , where by formally changing the 
order of integration over  and differentiation with respect to . In this case, however, behaves as for

, which gives rise to difficulties in dealing with the  in a numerical way; we are forced to cutoff the domain 
of it,as in the case of windowed Fourier transform. In this sense, this methodis not numerical calculation friendly. 

Another method, which is somewhat more complicated, is to utilize theresolvent for the harmonic oscillator 
Hamiltonian. Due to the commutativity between  and ,  can be regarded as . Being different from the 

 in the above method,  is well localized, so that it is easy to deal with in a numerical 
way.The aim of this article is to calculate the resolventkernel for the  (in ), and to give some examples of the 

-based Fourier transform of a non-integrable function (in ). Conclusion is given in . 
 

RESOLVENT KERNEL 

Let  denote the Fourier transform of a complex-valued function  as 
 

  (1) 
 

If the integral in the right-hand side of (1) converges uniformly, we can change the order of differentiation with 
respect to  and the integration over . In this case, it is found that is commutative with the harmonic oscillator 
Hamiltonian , that is 
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where  and . The commutativity between  and  implies 
the existence of the corresponding simultaneous eigenfucntion. Actually, the simultaneous eigenfunction is given by 
using the Hermitepolynomials ’s (for  as 

 

   

 
where  

Now we obtain an integral kernel for the resolvent , . Expanding  
in terms of  and using the orthogonality condition  (where ), we 
can represent  as an integral form 

 
  (2) 

 
It may be convenient to deal with even and odd parts of  separately. This implies that  can be decomposed 
into 
   

 
where , with  for  and with  for 

. Considering the symmetric relation , we find it sufficient to calculate  
for the domain . 

For , we have the following formula [1], which corresponds to , as 
 

  (3) 
 
where  is the sign function, and , with  the 
confluent hypergeometric function. 

For , on the other hand, we have no such formula in Ref. [1]. However, using some fundamental 
relations for the ’s as 

 
  (4) 

 
we can derive from (3) the following relation, which corresponds to  in , as   

 
  (5) 

 
It is to be noticed that  is related to  as 

 
   

 
   

 
Before proceeding further, we will calculate  for an arbitrary number of , to find 
that it can still be written using the confluent hypergeometric function as follows. 
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There arenot a few methods of calculating . One of the methods is to utilizethe generating function for 
 as [1, 2] 

 
   

 
For ,  can be given by calculating . Once the calculation is made, 
the parameter  can be chosen as arbitrary  by analytic continuation. The integral  can be evaluated by 
Taylor expanding  in  and integrating over  terms by terms. However, this procedure is 
somewhat cumbersome and tedious(see Appendix), although  was utilized [3] in estimatingthe upper bound 
on . 

Another method, which seems to be more practical in this case, is to exploit a differential equation for 
, together with some boundary conditions. From a general property of the Green function [4]for the 

Sturm-Liouville operator (in this case, , the integral kernel  can be written as 
separation of variable: 

 
   

 
where each term in the right-hand side satisfies the corresponding Sturm-Liouville equation: 

 
  (6) 

 
with . Solving the second order differential equation (6), we obtain 

 

  (7) 

 
where . The relations of (7) make it explicit that 

 and  are even and odd functions, respectively. From a general result in the Fredholm theory 
[5, 6], it is expected that the kernel  be square integrable on , which is indeed the case 
by using(2) and the orthonormal relation for the ’s. Thus should be vanishingfor

, so that is given by using the  only as 
 

  (8) 

 
where use has been made of and  for . 

The next thing is to obtain . Taking account ofthe boundary relation of , together with 
 by (4), we find that  is given by using the  onlyas 

 

  (9) 

 
where use has been made of  and . The 

remaining thing is to obtain the proportional constant in (8) or (9). Taking into account the following boundary 
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relations , , which 

can be derived from (12) below with , respectively, we finally obtain 
 

  (10) 

 
Notice that  and , revealing the relations of (3) and (5), respectively. 

At the end of this section, we generalize the relation of (10). This will make the relation of (10) more transparent. 
For this aim, it may be convenient to rewrite  in terms of the Laguerre polynomial  as

 ( ). In this case, the two relations in (10) can be combined into a single form 
 

  (11) 
 

with , corresponding to , respectively. It is fortunate that the parameter  in (11) can be chosen as 
arbitrary in [The relation of (11) with is found in Ref. [7], in which and 

, where  and  are the lower and upper incomplete Gamma functions, 
respectively.]An in the case of , the validity of (11) can be checked in an analogous way. Let be given 

by . Then we have 
 

   
 

Recalling the completeness condition for the Laguerre polynomialas
, where , we find that both sides of (11) satisfy the same differential equation. Considering 

that the left-hand side of (11) multiplied with  is square integrable on , so that the 
corresponding right-hand side should be vanishing for , and noticing further that we have the formula [8] 

 
  (12) 

 
which corresponds to (11) with  by , we eventually verify the validity of (11) for all . 

SIMPLE APPLICATION 

In this section, we give some examples of the Fourier transform of a non-integrable function by interpreting  as 
 (and its extension). To begin with, we calculate  for  an even function (see Table 1, where ) and 

an odd function (see Table 2, where ), where  represents the (rescaled) Dawson function,defined by 
 

 

 
By the asymptotic expansion of ,it is confirmed that  
for , as is expected. 

As an example, we calculate  for . Considering that  is continuous on , and that
for , we find that , so that . Introducing the Dirac delta  as 
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we have the following sequence of the transforms: 

 
   

 
   

 
 

TABLE 1. Calculation of  and  for an even function , where and 
erfc . For , the ’s satisfy the three-term recurrence relation 

with Thus, it is found that , , 
, and so on. 

   

   

   

   

   

   

   

   

   

 
  

 
If we regard as , we obtain 

 
  (13) 

 
The result is the same as a relation in the theory of distribution. 

 
If the order of  (for ) is greater than 1 (but is finite), we should apply  several times. In the case of 

, for example, it is sufficient to apply  twice. Noticing that for , we have , 
where  (see Table 1), so that we obtain . If we regard as , it is 
found from (13) and  that 

 
   

 
which also turns out to be the same relation as in the theory of distribution. 
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TABLE 2. Calculation of  and  for an odd function , where  and . For 
, the ’s satisfy with . Thus we 

obtain , , , and so 
on. 

   

   

   

   

   

   

   

   

   

 
  

 
  

 
 
Some may point out that that in Fourier transforming , it may be more simple and practical to 

regard  as  by formally changing the order of integration over  and differentiation 
with respect to  (the method of which we call as classical). However, the resolvent method has some advantages. 
To compare the two methods (see Table 3), rewrite  as  

 

  (14) 

 
Due to the property that  is a bounded operator in the resolvent method, and that it is not in the classical method, 

is likely to be more localized in the resolvent method than in the classical method. Actually, in the resolvent 
method,  is exponentially localized for , and  for 

, respectively; whereas in the classical method,  remains finite or logarithmically diverges as 
. Thus in the resolvent method, the map  can be used as data compression for , 

while in the classical method,  cannot be used as data compression for . Moreover in the resolvent method, the 
inverse map  is well defined by simply replacing  with , due to the commutativity of  
and , so that the data decompression from  into  can be made in a numerical calculation friendly way. 
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TABLE 3. Comparison of the in (14) between the classical and resolvent methods for , 
where and . The infinitesimal parameter in is so introduced 

that represents the principal value of as .For  in the classical method,  
 can be given by , where . This comes from the operator relation , with 

. In the resolvent method,  is well localized, whereas in the classical method, it remains finite or diverges 
in the limit of . The difference of the locality of  between the two methods is attributed to the boundednessof ; 

in the resolvent method isa bounded operator, while  in the classical method is not a bounded one. 

Method     

Classical  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Resolvent  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CONCLUSION 

We have calculated the integral kernel of the resolvent for the harmonic oscillator Hamiltonian, as is 
generalized in (11). By regarding the Fourier transform  as  (and its extension), the Fourier transform of a 
non-integrable function, such as  for , can be made in a numerical calculation friendly way. In the 
resolvent method, in (14) is well localized, so that the map  can be used as data compression of ; and 
moreover, the inverse map is well defined by changing the order of and , so that the data 
decompression into can be easily performed in a numerical way. In the classical method, however, it is difficult to 
deal with  in a numerical way, due to the non-locality of . The difference of the locality of  between the two 
methods lies in the property that  in the resolvent(classical) method is (is not) a bounded operator. 
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APPENDIX 

In this appendix, we calculate using . To begin with, expanding  in  as a 

Taylor series, we can write  as 
 

    
 
   

 
where . Change the variable .Then we obtain 

 
   

 
   

 
wherewe have used the formula [9] ( , with 

. By rearranging the sum over  and  as 

,  can be rewritten as  
 

   

 
where use has been made of the relation , with . By the summation formula [10] 

 
   

 

it is found that , so that  for 

.   
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