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tion (1.3.3) starting with only a finite number of them. In group-theoretical
language, the following result is true.

Theorem 1.3 (Mordell’s Theorem). The Abelian group C(Q) is finitely
generated.

(cf. ([Mor22]|, [Cas66]|, [Mor69|, [La83], [Se97| and Appendix by Yu.Manin to
[Mum?74]). From the structure theorem for finitely generated Abelian groups,
it follows that

CQxAxZ"

where A is a finite subgroup consisting of all torsion points, and Z" is a
product of r copies of an infinite cyclic group. The number r is called the rank
of C over Q.

The group A can be found effectively. For example, Nagell and Lutz (cf.
[Lu37|) proved that torsion points on a curve y? = 22 + ax + b for which a
and b are integers, have integral coordinates. Furthermore, the y—coordinate
of a torsion point either vanishes or divides D = —4a® — 270°.

B.Mazur proved in 1976 that the torsion subgroup A over Q can only be
isomorphic to one of the following fifteen groups:

Z/mZ (m < 10,m = 12), Z/27 x Z./2nZ (n < 4), (1.3.7)

and all these groups occur, cf. [Maz77].

It is still an open question whether r can be arbitrarily large. Mestre (cf.
[Me82]) constructed examples of curves whose ranks are at least 14. *)

A comparatively simple example of a curve of rank > 9 is also given there:
y? + 9767y = a3 + 357622 + 425z — 2412. One can conjecture that rank is
unbounded. B. Mazur (cf. [Maz86|) connects this conjecture with Silverman’s
conjecture (cf. [Silv86]) that for any natural k there exists a cube-free integer
which can be expressed as a sum of two cubes in more than k£ ways.

Examples. 1) Let C be given by the equation

v ty=2"—u

whose integer solutions list all cases when a product of two consecutive integers
equals a product of three consecutive integers. Here A is trivial while the free
part of C(Q) is cyclic, with a generator P = (0,0). Points mP (labeled by m)
are shown in Figure 9.

The following Table 1.3, reproduced here from [Maz86| with Mazur’s kind
permission, shows the absolute values of the X—coordinates of points m P, for
even m between 8 and 58.

* Martin—Mecmillen (2000) found an elliptic curve of rank > 24:

y? +ay +y = 2® — 120039822036992245303534619191166796374x
+504224992484910670010801799168082726759443756222911415116

(see http://www.math.hr/~duje/tors/rankhist.html for more examples).
(footnote by Yu.Tschinkel).
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Fig. 1.9.

Table 1.3.
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116G
3741
BARL
239785
S009TROG
18490337896
270806443865
16683000076735
27RERAGIHTHO2691
314802068 1 285740316
3421 15T5602T60TO27420
2RO251 120022563201422645
BO42RTI18035141565236103151
74304313420970409053520252T83 151
F2303368023905447401291 53150480400
26 133902524580 1434436942401 26 1 36 TG00
1251873709467 123982668302 1943583152550351
SOG02056540TTHRE46078 15785047 TOR8220836340351
2ARLRER5REA20820653 1 60R0TT5H53038130264431352010155
A6 1860540 1843475552 7022 75238228020 1 88204880058 285 7380
23887505191 1091401863099003 T660635435260056452T 70356625916
GBHOORTHOOTITEGAS52756007507 1 13064037030059207504205469 12218201
BGA38 150358868067 13921361 26315657274075403806591 T6ETA3 159137754 17535
ABBTETHIAIR04888631 2588030404411 44431 3105755534366 2544 164325800240 19065
SOA0THO15AG964265 8048056 TH 1 TAOTO4R2448 27202346871 145 123 |8 T2 T T TA28558TGGT 1480

One sees that the last figures lie approximately on a parabola. This is
not an accident, but a reflection of the quadratic nature of heights on elliptic
curves (cf. below).

2) Table 1.4 was kindly calculated for this edition by H.Cohen, using PARI
computing system, [BBBCO]. This table lists ranks r and generators for curves
X3+ Y3 = AZ3 with natural cube-free A < 500; it corrects and completes
the Tables of Selmer (cf. [Selmb51], [Selmb4|) which were reproduced in the
first edition [Ma-Pa|. Note the 3 missing values A = 346, 382,445 for which
H.Cohen proved that » = 1, but the method of Heegner points for computing



