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Exercice 0.1 ⋆⋆ Des limites

Déterminer les limites suivantes :

1. lim
x−→+∞

x
1
x

2. lim
x−→0+

x
√
x

3. lim
x−→0+

x
1
x

4. lim
x→+∞

e
x+2

e
x+1

5. lim
x→+∞

xe
x

3x

6. lim
x→−∞

xe
x

3x

7. lim
x→−∞

x
2
e
−x − x

8. lim
x→0+

x
x

9. lim
x→+∞

(xx)x

x
x
x

10. lim
x→+∞

a
(bx)

b
(ax)

où 1 < a < b.

11. lim
x→0

√
x ln

(

x
2

1+x

)

12. lim
x→+∞

(

ln x

x

)
1
x

13. lim
x→+∞

(

1 +
1

x

)x

Solution :

1. x
1
x = e

lnx

x mais
lnx

x
−−−−−→
x→+∞

0 donc x
1
x −−−−−→

x→+∞
e0 = 1 .

2. x
√
x = e

√
x ln x mais

√
x lnx = x

1
2 lnx −−−−→

x→0+
0 donc x

√
x −−−−→

x→0+
e
0 = 1 .

3. x
1
x = e

lnx

x mais
lnx

x
−−−−→
x→0+

−∞ donc x
1
x −−−−→

x→0+
0 .

4. e
x+2

e
x+1 = 1+2e−x

1+e
−x −−−−−→

x→+∞
1 .

5. xe
x

3x = x
(

e

3

)x
= xe

x ln e
3 donc xe

x

3x
X=x ln e

3========
X

ln e

3

eX −−−−−→
X→−∞

0

1



6. De la même façon, toujours parce que e < 3 : lim
x→−∞

xe
x

3x
= −∞ .

7. x2e−x − x = x2e−x

(

1−
ex

x

)

−−−−−→
x→−∞

+∞

8. xx = ex ln x mais x lnx −−−−→
x→0+

donc xx −−−−→
x→0+

e0 = 1 .t

9.
(xx)x

x
x
x =

ex ln(xx)

ex
x lnx

= e(x
2−x

x) ln x = e(x
2−x−1)xx ln x mais x2−x −−−−−→

x→+∞
0 donc :

x2−x − 1 −−−−−→
x→+∞

−1. Comme xx lnx −−−−−→
x→+∞

+∞, par opérations sur les limites,
(

x2−x − 1
)

xx lnx −−−−−→
x→+∞

−∞ et donc :
(xx)x

x
x
x −−−−−→

x→+∞
0 .

10. a
(bx)

b
(ax) =

eb
x ln a

ea
x ln b

= ea
x ln b−b

x lna = e

b
x ln b



(a
b
)
x
−
ln a

ln b





mais bx ln b −−−−−→
x→+∞

∞ ,
(

a

b

)x
−−−−−→
x→+∞

0 et
ln a

ln b
> 0 donc a(b

x)

b
(ax) −−−−−→

x→+∞
+∞ .

11.
√
x ln

(

x
2

1+x

)

= 2x
1
2 lnx− x

1
2 ln (1 + x) −−−→

x→0
0

12.
(

ln x

x

)
1
x = e

ln
(

ln x

x

)

x = e
1
x (ln ln x−ln x) mais

lnx

x
−−−−−→
x→+∞

0 et
ln (lnx)

x
−−−−−→
x→+∞

0 donc

(

ln x

x

)
1
x −−−−−→

x→+∞
e0 = 1 .

13.
(

1 + 1
x

)x
= e

x ln(1+ 1
x) = e

ln
(

1 + 1
x

)

1
x mais e

ln
(

1 + 1
x

)

1
x

X=1
x===== e

ln (1 +X)

X −−−→
X→0

e1 = e .
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