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Exercice 0.1 ⋆⋆ Pas de titre

Calculer, sous forme factorisée :

1.

∣

∣

∣

∣

∣

∣

a− b− c 2a 2a
2b b− c− a 2b
2c 2c c− a− b
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∣
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2.
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0 a b

a 0 c

b c 0
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1 + a a a

b 1 + b b

c c 1 + c
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a b c

c a b

b c a
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5.
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1 a a2

1 b b2

1 c c2
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(appelé déterminant de Vandermonde).

6.
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∣

∣

∣

a+ b b+ c c+ a

a2 + b2 b2 + c2 c2 + a2

a3 + b3 b3 + c3 c3 + a3
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∣

∣
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7.
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∣
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1 sin a cos a
1 sin b cos b
1 sin c cos c
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∣

∣

∣

∣

où a, b, c sont trois réels.

Solution :

1.
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∣

∣

∣

∣

∣

a− b− c 2a 2a
2b b− c− a 2b
2c 2c c− a− b

∣

∣

∣

∣

∣

∣

L1←L1+L2+L3============

∣

∣

∣

∣

∣
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a+ b+ c a+ b+ c a+ b+ c

2b b− c− a 2b
2c 2c c− a− b
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∣

∣

∣

∣

∣

=

(a+ b+ c)
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∣
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∣

∣

∣

1 1 1
2b b− c− a 2b
2c 2c c− a− b
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∣

∣
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C2 ← C2 − C1

C3 ← C3 − C1

=============== (a+ b+ c)
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1 0 0
2b −b− c− a 0
2c 0 −c− a− b
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∣

∣
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=

(a+ b+ c)
3

2.
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0 a b

a 0 c

b c 0

∣

∣

∣

∣

∣

∣

= 2abc par application de la règle de Sarrus.
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3.

∣

∣

∣

∣

∣

∣

1 + a a a

b 1 + b b

c c 1 + c

∣

∣

∣

∣
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L1←L1+L2+L3============

∣
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∣

∣
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1 + a+ b+ c 1 + a+ b+ c 1 + a+ b+ c

b 1 + b b

c c 1 + c
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∣
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=

(1 + a+ b+ c)
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1 1 1
b 1 + b b

c c 1 + c

∣

∣

∣

∣

∣
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C2 ← C2 − C1

C3 ← C3 − C1

=============== (1 + a+ b+ c)

∣

∣

∣

∣

∣

∣

1 0 0
b 1 0
c 0 1
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∣

∣

∣
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=

1 + a+ b+ c
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a b c

c a b

b c a
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C1←C1+C2+C3============
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a+ b+ c b c

a+ b+ c a b

a+ b+ c c a
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∣

∣
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∣
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=

(a+ b+ c)
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1 b c

1 a b

1 c a
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L2 ← L2 − L1

L3 ← L3 − L1

============== (a+ b+ c)
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1 b c

0 a− b b− c

0 c− b a− c
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∣
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=

(a+ b+ c)
(

a2 + b2 + c2 − ab− ac− bc
)

=
1

2

(a+ b+ c)
(

(a− b)
2
+ (a− c)

2
+ (b− c)

2
)
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1 a a2

1 b b2

1 c c2
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∣
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L2 ← L2 − L1

L3 ← L3 − L1

==============
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1 a a2

0 b− a b2 − a2

0 c− a c2 − a2
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= (b− a) (c− a)
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1 a a2

0 1 b+ a

0 1 c+ a
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L3←L3−L2========= (b− a) (c− a)
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1 a a2

0 1 b+ a

0 0 c− b

∣

∣

∣

∣
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= (b− a) (c− a) (c− b)
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a+ b b+ c c+ a

a2 + b2 b2 + c2 c2 + a2

a3 + b3 b3 + c3 c3 + a3
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∣

∣
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C1←C1−C2−C3============
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−2c b+ c c+ a

−2c2 b2 + c2 c2 + a2

−2c3 b3 + c3 c3 + a3
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c b+ c c+ a

c2 b2 + c2 c2 + a2

c3 b3 + c3 c3 + a3
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C2 ← C2 − C1

C3 ← C3 − C1

=============== −2
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c b a

c2 b2 a2

c3 b3 a3
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= −2abc
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1 1 1
c b a

c2 b2 a2
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=

−2abc (b− a) (c− a) (c− b) car on reconnaît un déterminant de Vandermonde.

7.

∣

∣

∣

∣

∣

∣

1 sin a cosa
1 sin b cos b
1 sin c cos c
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L2 ← L2 − L1

L3 ← L3 − L1

==============

∣
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∣

∣

1 sin a cos a
0 sin b− sin a cos b− cos a
0 sin c− sin a cos c− cos a
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∣

∣

∣

∣
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=

∣
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∣

∣
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1 sin a cos a
0 2 cos b+a

2
sin b−a

2
−2 sin b+a

2
sin b−a

2

0 2 cos c+a

2
sin c−a

2
−2 sin c+a

2
sin c−a

2

∣

∣

∣

∣

∣

∣

= −4 sin b−a

2
sin c−a

2

∣

∣

∣

∣
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1 sin a cos a
0 cos b+a

2
sin b+a

2

0 cos c+a

2
sin c+a

2

∣

∣

∣

∣

∣

∣

=

−4 sin b−a

2
sin c−a

2

(

sin c+a

2
cos b+a

2
− sin b+a

2
cos c+a

2

)

= −4 sin b−a

2
sin c−a

2
sin

(

c+a

2
−

b+a

2

)

=



−4 sin
b−a

2
sin

c−a

2
sin

c−b

2
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